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The flow of a non-Newtonian liquid through soil is analyzed with an account of the channel 
shape. 

Fi l t ra t ion is one of the mos t  important  p rocesses  involved in the manufacture  of synthetic f ibers ,  
rubber ,  paints, and film mater ia l s  [1-5]. The f i l ter ing mate r ia l s  used in this manufacture  to purify solu-  
tions and mel ts  a re  ce ramics ,  m e t a l - c e r a m i c s ,  quartz  sand, polyvinyl chloride powder, diatomaceous 
earth,  cotton, and fibrous and other mater ia l s  [1, 5-7]. Po lymer  melts  and solutions flow through these 
f i l t rat ion mate r ia l s  through a large number of channels varying widely in c ross  section. Accordingly,  in 
deriving an equation for  the f i l t rat ion rate  of non-Newtonian liquids through porous media, one must  take 
into account, in addition to the theological  proper t ies ,  the c ross - sec t iona l  shape of the channels formed in 
the f i l t rat ion mater ia l .  Below we derive a theory for f i l t rat ion through a layer  of grainy material .  

We consider  the flow of a liquid through a hypothetical soil in which the a r rangement  of smal l  spheres  
va r i es  between two ex t reme configurations: one corresponding to the c loses t  packing and the other to the 
loosest  packing (Fig. la).  Here the acute angle of the rhombus,  0, var ies  f rom 0 = 90 ~ to 0 = 60 ~ (Fig. 1) 
iS, 9]. 

F r o m  Fig. lb  we see that in the c loses t -packing ar rangement ,  two curvi l inear  t r iangles  fo rm on the 
rhombohedron faces.  Accordingly,  analysis  of the flow of a non-Newtonian liquid through channels of t r i -  
angular  c ross  sect ion is basic  in a derivat ion of equations for  the f i l t rat ion of such liquids through a hypo- 
thetical soil. Accordingly,  we will c a r r y  out a f i r s t -approximat ion  analysis  of the s teady-s ta te  flow of a 
non-Newtonian liquid whose theological  equation is [10] 

1 (1) 
r I = Tlo - -  , 1 + a'r 2 

through a channel whose c ross  sect ion is an equilateral  t r iangle (Fig. 2). The flow curves  for cer ta in  t r i -  
aceta te  solutions which we found with a capi l lary v i scos imete r ,  e.g., a re  descr ibed well by Eq. (1). 

The equation of motion in t e r m s  of s t r e s s e s  can be wri t ten as 

Oe~ + Os~ = - - A p ,  (2) 
Ox Oy 

where rxz and ry  z a re  the tangential s t r e s ses ;  Ap is the p res su re  drop per unit length. If we a s sume  

1 = y (x -a )_  ap, 
Txz 2 -  a 

I x]  Ap, 

(3) 

we find that these express ions  a re  the solutions of Eq. (2). On the other hand, we have 
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Fig.  1. C r o s s  s e c t i on  of the hypothe t i ca l  soil .  a) L o o s e s t  pack -  
ing of  s p h e r e s ;  b) c l o s e s t  packing.  
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Fig.  2 Fig.  3 
Fig.  2. F low of non-Newton ian  liquid th rough  a channel  whose  
c r o s s  s e c t i on  is an  e q u i l a t e r a l  t r i angle .  

Fig.  3. F low of a non-Newton ian  liquid th rough  a channel  
whose  c r o s s  s ec t ion  is a s p h e r i c a l  t r iangle .  

d V =  OV d x +  OV 

or  

Using  va lues  f r o m  Eqs .  (1) and (3) in  Eq. 

dV = "r'~cz dx+ r,,~ '---(- -~l dy. 

(4), and in tegra t ing ,  we find the f low r a t e  to be  g iven by 

3x5 + ~ x :  
lOa 6a 3 

- -  [ 1 ( x 3 -  3xy~) + 2 a ~ -  1 ] 1 Ap --~a -~ -2 (x~+y~) 
V = 2~1o 

X6 ya nap 3 x 7 1 xSy 2 + ~ x3 ~ . . . . .  
--[-----~ 56a3 4- lOa~ 6a 8a ~ 24a ~ 

y2x3 3 y2x 4 7 x2y ~ + ~ x y  4 +  xa Y~ x~Y ~ + �9 . . . .  
4 4 a 4a 2 4a ~ 2a 

97) a 4 , 
140 

We find the flow r a t e  to be 

w h e r e  ZP is  the p r e s s u r e  drop.  

we have k 2 = 3.547.  

(4) 

(5) 

a 1.155a-~-O.5774x ~ ~ (ZP3~2aO Q = 2  Vdxdy = 0"78a4P + - -  , (6) 
%l 8%P 

--2a 0 

The va lues  of l%a 6 a r e  shown in Tab le  1, f r o m  which  it fol lows that  with 
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T A B L E  1. The D e p e n d e n c e  of l~a 6 on R 

R k~a* R k~a 6 

0,2 
0,5 

1 
1,1 
1,2 
1,3 
1,4 
1,5 
1,6 
1,7 
1,8 
1,9 
2 

2,25 
2,5 
2,75 
3 

3,25 
3,5 
3,75 

4 

0,000000002 
0,000000673 
0,000043127 
0,000076403 
0,000128779 
0,000208170 
0,000324733 
0,000491255 
0,000723568 
0,001041005 
0,001466879 
0,002028995 
0,002760193 
0,005595702 
0,010529301 
0,018653299 
0,031440325 
0,050822930 
0,079280754 
0,119935332 
0,176652366 

4,5 
5 

5,5 
6 

6,5 
7 

7,5 
8 

8,5 
9 

9,5 
10 

12,5 
15 

17,6 
2O 

22,5 
25 

27,5 
3O 

0,358124956 
0,673875309 
1,193811178 
2,012180835 
3,252667546 
5,073968291 
7,675841299 

11,306751442 
16,26571226l 
22,919997215 
31,703058242 
43,128019809 

164,520341873 
491,255123138 

1238,761854079 
2760,193267822 
5595,702453615 

10529,301879882 
18653,300537109 
31440,327880859 

l.tg 3 

?,G " 
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Fig .  4. The  q u a n t i t y  I a s  a 
func t ion  of the  r h e o l o g i c a l  
c o n s t a n t  m:  i) �9 = aoABC, 
I 0 = 3 . 6 8 . 1 0 - 3 ;  2) ~ = (a 0 
+ s t y  ) A B C ,  I 0 = 3.8" 10 -3 . 

Equation (6) can be written as 

(o2p cztoaP 3 Q = ~  + _ , (8) 
34,6q0/ 316,2q0l ~ 

where w is the cross-sectional area of the triangular channel. We find the average flow velocity to be 

oP + ~o~P ~ (9) 
Vav 34.6110l 316.2~0P 

E q u a t i o n  (9) i s  the  s t a r t i n g  poin t  fo r  a d e r i v a t i o n  of the  equa t ion  d e s c r i b i n g  the f i l t r a t i o n  r a t e  t h rough  a 
h y p o t h e t i c a l  so i l .  A c c o r d i n g  to S c h l i c h t e r  [8], the  f i l t r a t i o n  v e l o c i t y  i s  

~av = nVav, (1 o) 

where n, the ~clearance," is the c r os s - s e c t i ona l  area of the liquid at the narrowest  part of the channel. 
The  channe l  l eng th  can  be  e v a l u a t e d  by the S c h l i c h t e r  o r  K o z e n '  me thod  [11]. 

We c o n s i d e r  the  f low of a n o n - N e w t o n i a n  l iquid  t h r o u g h  th i s  s o i l ,  t ak ing  into  a c c o u n t  the  s h a p e  of the  
c h a n n e l s  which  a r e  f o r m e d  in  the  s o i l  in  the  c l o s e s t - p a c k i n g  a r r a n g e m e n t  (0 = 60~ To the b e s t  of our  
knowledge ,  a n  equa t ion  fo r  the  f i l t r a t i o n  r a t e  has  b e e n  d e r i v e d  only  wi th  an  a c c o u n t  of the k i n e t i c s  of the  
p r o c e s s ,  wi thout  an  a c c o u n t  of o t h e r  f a c t o r s  [12-16].  In o t h e r  c a s e s  [16-18] the  f i l t r a t i o n  p r o b l e m  has  been  
s o l v e d  on ly  fo r  a s i m p l i f i e d  s o i l  s t r u c t u r e ,  a l t hough  r h e o l o g i c a l  p r o p e r t i e s  a r e  t a k e n  into  accoun t ,  p r i -  
m a r i l y  on the  b a s i s  of a p o w e r  law. It  f o l l ows  f r o m  an  a n a l y s i s  of the  g e o m e t r y  of a h y p o t h e t i c a l  s o i l  c o n -  
s i s t i n g  of e igh t  s p h e r e s  of i d e n t i c a l  d i a m e t e r ,  c a r r i e d  out  by  the  S c h l i c h t e r  me thod  [8], tha t  two s p h e r i c a l  
t r i a n g l e s  f o r m  in the  c r o s s  s e c t i o n  in th is  c a s e  (Fig.  l b ) .  We t h e r e f o r e  c o n s i d e r  the  f low of a n o n - N e w -  
t o n l a n  l iqu id  t h r o u g h  one such  channe l  (Fig.  3), 

F o r  the  s t e a d y - s t a t e  f low of a n  i n c o m p r e s s i b l e  l iqu id ,  the  equa t ion  of m o t i o n  in  t e r m s  of s t r e s s e s  i s  

aT~z azyz (i i) 
ax '  + ~ = - ap .  

M u l t i p l y i n g  the  l e f t  and r i g h t  s i d e s  of Eq. (11) by  Vdxdy,  i n t e g r a t i n g ,  and c a r r y i n g  out  s o m e  o t h e r  m a n i -  
pu l a t i ons ,  we  find 

9 S 

w h e r e  the  r i g h t  s i d e  i s  the l iquid  v o l u m e  which  f lows  t h rough  the channe l  p e r  second .  S ince  the  g r a d i e n t  of 
the  s h e a r  v e l o c i t y  and the t a n g e n t i a l  s t r e s s  a r e  r e l a t e d  by 

z~z __ av (13) 

~le f Ox ' 
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by subst i tut ing Eq. (13) into Eq. (14) and using 

we find 

~2 2 ,~2 (14)  = % +  yz, 

Q = l~ ~ ~ qz:~dxdy ' (15) 
a p j j  

$ 

where  ~o is  the fluidity of the non-Newtonian liquid; ~o = 1/~?ef; 77e f is  the effect ive v iscos i ty .  

The flow curves  for  va r ious  h igh-po lymer  solutions can be descr ibed  by the rheological  equation 

q~ = T.c~i.v'n i. (16) 

F o r  the genera l  case ,  taking into account  theo logica l  equation (16), find the ave r age  veloci ty  through 
the channel to be 

$ 

where  k = f (a ,  m,  Ap, ~01R) is  a function of the soil  p a r a m e t e r s ,  the rheologica l  constants ,  and the p r e s -  
su re  drop. The genera l  f o r m  of the function ~(x, y), which sa t i s f i es  boundary conditions (because of the 
adhes ion  of the liquid, it a l so  vanishes  at  V = 0), can be wr i t ten  in the following manner  for  a c r o s s  s e c -  
t ion of a given shape: 

(D = ZZarn~xmy n. (18) 

For  the r e m a i n d e r  of the solution, we r e s t r i c t  the d iscuss ion  to the f i r s t  two t e r m s  in the s e r i e s  in 
Eq. (18): 

gP (x, y) --- (% + %y) ABe, (19) 

where  A, B, C a r e  the equations of the s ides  of the spher ica l  t r iangle;  and the coeff icients  a 0 and a i a r e  
found by the Ri tz  method. 

F igure  4 shows, in the f i r s t  and second approximat ions ,  va lues  of the following in tegra l  as  a func-  
t ion of the rheologica l  constant  m: 

[ ~ Ox / ~ ~y  ] dxdy. (20) 
S 

To calcula te  the f i l t ra t ion  r a t e  we f i r s t  find the value of I f r o m  the rheologica l  constant  and Fig. 4; 
then, knowing the geome t r i ca l  p a r a m e t e r s  of the soil  and the rheological  c h a r a c t e r i s t i c s  of the liquid, 
we can find the f i l t ra t ion  r a t e  through a hypothetical  soil  for  any p r e s s u r e  f r o m  

V/f = nV. (21) 
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